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1. Introduction
In a number of papers [1,2,5], Amann, Conley and Zehnder introduced an important and eﬃcient method to reduce
Hamiltonian systems to a ﬁnite-dimensional format. These reduction techniques have been applied in particular to problems
of existence of periodic orbits and Hamilton–Jacobi equations, see e.g. [17] and [3].
Aspects of ﬁnite reductions for non-linear evolution systems of PDE in the dissipative case have been extensively studied,
see [16] and references therein.
Aim of this paper is to investigate some consequences of a version of the above quoted Hamiltonian reduction procedure
to dissipative evolution systems.
Early extensions to PDE problems have been realized in the framework of non-linear elliptic problems Lu = F (u), see
e.g. [2,4]. There, in the variational case, the search for solutions is transformed into the problem of detecting stationary
points of a real valued function deﬁned on a ﬁnite-dimensional domain, the reduction of the original variational functional.
In Section 2 of the present paper we consider non-linear dissipative evolutive systems:
∂
∂t
u − Lu = F (u), L: elliptic linear operator. (1)
Under a rather strong hypothesis on the non-linear F (u), i.e. the uniform boundness of the norm of F ′ , the system (1) is
ﬁnitely reduced, that is only a ﬁnite number of spectral modes of L is involved in constructing the time evolving solutions.
After this sort of global Liapunov–Schmidt procedure, an existence and uniqueness theorem for small perturbation F is also
given, together with an example.
As far as comparison with the powerful theory of the Inertial Manifold (Teman and co-workers [16]), which is a ﬁnite-
dimensional object, we remark that in their construction a cut-off and a ﬁxed point technique also appear, concerning
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non-homogeneous terms f of ∂
∂t u − Lu = f , as discussed in details in Section 2.
In Section 3, in order to make contact with a classical problem in dissipative PDE’s, we consider the Navier–Stokes
equations on the 2-dimensional torus T2.
For general 2-dimensional domains Ω , a fundamental result on Navier–Stokes equations (as essentially foreseen in [11]
and recalled for example in [16]) states that for initial velocity v(0, ·) and forcing term Φ(·):
v(0, ·) ∈ L2(Ω), Φ(·) ∈ L2(Ω), (2)
the Navier–Stokes system admits one and only one solution, for every T > 0:
v(·,·) ∈ L∞(0, T ; L2(Ω))∩ L2(0, T ; H1(Ω)). (3)
In the remarkable paper [7] by Foias and Prodi, the ﬁnite-dimensional—asymptotic in time—behaviour of the Navier–Stokes
system is pointed out. These results have not been fully extended to the case d > 2. Whenever Ω = T2, much more is
actually known, and we refer to [9] for a detailed and systematic treatment.
With regard to the theory of Inertial Manifolds, relevant results have been obtained in general for modiﬁed NS systems,
see Remark 4.2(ii) in [16], but not for the original one. Examples of reduction by ‘truncated models’ for Navier–Stokes
equations on T2 have been numerically investigated in [8,15], also with approximate Inertial Manifold calculation in [12].
Here, we consider a class of modiﬁed NS systems on T2, see (50), analogous to the ones discussed in [16], and then
we perform a ﬁnite reduction, essentially on the line of the ideas developed in Section 2. In more detail, we introduce the
following two changes to NS system.
1. A spectral perturbation ε , ε > 0, of the Laplacian operator  = 0:
ε
(∑
k∈Z2
γke
ik·x
)
:= −
∑
k∈Z2
|k|2(1+ε)γkeik·x.
2. A deformation N¯ of the non-linear advective operator N , suggested by the stability theorem (Theorem 3) for the (true)
NS system in T2, where a parameter R is involved, see (47).
However, by the above stability theorem, such cut-off N¯ is surely redondant for the true NS system (i.e., for ε = 0): after
adding some more viscosity (i.e., for ε > 0), we ﬁgure the cut-off to be also redondant for ε > 0.
The functional space for the possible space–time solutions of the deformed Navier–Stokes system in weak form (see
(51)), is composed by the functions v(t, x) =∑k∈Z2 γk(t)eik·x equipped with the norm
‖γ ‖2
H¯1+ε := sup
t∈[0,+∞)
∑
k∈Z2
|k|2(1+ε)∣∣γk(t)∣∣2. (4)
In other words, H¯1+ε = L∞([0,+∞), H1+ε), where H1+ε(T2) is the (standard) fractional Sobolev space.
For any ﬁxed ε > 0, the deformed NS system is ﬁnitely reduced in an exact way and for any time t  0, and this is realized
taking only the Fourier modes with |k| R , which is the radius of a disk in Z2.
We ﬁnd that the dimension (≈ π R2) of this ﬁnite space governing the modiﬁed NS system goes as
R2 ≈
(
1
ν
) 2
1+ε
R 21+ε (5)
which is in the line of the estimate by Foias and Prodi [7] for the number of the asymptotic determining modes for the true
2-dimensional NS system. However, our results cannot be transferred to the true NS system since they are not compatible
with the limit ε → 0.
2. A ﬁeld theory version of the Amann–Conley–Zehnder reduction
Let us consider the evolution problem for u : [0, T ] ×Td 
 (t, x) → u(t, x) ∈ Rk ,⎧⎨
⎩
∂
∂t
u − Lu = F (u),
u(0, x) = σ(x),
(6)
where L is an elliptic linear operator on the space H, which is the completion of the above C∞ vector-valued functions u
with the norm ‖u‖T := supt∈[0,T ] ‖u(t, ·)‖L2 ,
−Lu j = λ ju j, λ0 = 0< λ1  λ2  · · · , 〈ui,u j〉L2 = δi j,
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compact set in Rd endowed with appropriate boundary conditions.
Besides the non-linear problem (6), we take into account the related linear problem:⎧⎨
⎩
∂
∂t
u − Lu = f (t, x), f ∈H,
u(0, x) = σ(x),
(7)
whose solution is given by
u(t, x) =
+∞∑
j=0
e−λ j tu j(x)
〈
σ(·),u j(·)
〉
L2 +
t∫
0
+∞∑
j=0
e−λ j(t−s)u j(x)
〈
f (s, ·),u j(·)
〉
L2 ds =: g(σ , f ). (8)
In order to exploit the ﬁnite reduction in a clear way, we proceed step by step:
1• Choose an N cut-off of H,
H=HN ⊕H>N , HN = PNH, H>N = QNH, (9)
f = μ + η, μ = PN f =
N∑
j=0
μ j(t)u j(x), η = QN f =
∞∑
j>N
η j(t)u j(x). (10)
2• Fix μ ∈HN .
3• Fix an initial datum σ .
We prove that
Lemma 1. The following map is Lipschitz for every T +∞:
gσ ,μ :H>N →H
η → gσ ,μ(η) := g(σ ,μ + η). (11)
Remark. Since μ + η = f , the computation of the Lipschitz constant does not involve the ﬁrst term in the right-hand side
of (8).
Proof. We have
∥∥gσ ,μ(η(1))− gσ ,μ(η(2))∥∥T = sup
t∈[0,T ]
∥∥∥∥∥
t∫
0
+∞∑
j>N
e−λ j(t−s)u j(·)
(
η
(1)
j − η(2)j
)
(s)ds
∥∥∥∥∥
L2
 sup
t∈[0,T ]
t∫
0
e−λN (t−s)
∥∥η(s, ·)∥∥L2 ds
 sup
t∈[0,T ]
1− e−λNt
λN
sup
s∈[0,t]
∥∥η(s, ·)∥∥L2
= 1− e
−λN T
λN
∥∥η(1) − η(2)∥∥T ,
holding for every T > 0, and for T → +∞ we obtain
Lip[gσ ,μ] = 1
λN
.  (12)
Now we consider the further lemma, where |F ′| := supu∈H |F ′(u)| and |F ′(u)| = sup‖h‖=1 ‖F ′(u)h‖.
Lemma 2. If F ′ is bounded, |F ′| = C < +∞, it exists N, giving λN > C, for which the following map
H>N →H>N
η → QN F
(
gσ ,μ(η)
)
(13)
is a contraction map.
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∥∥QN F (gσ ,μ(η(1)))−QN F (gσ ,μ(η(2)))∥∥ sup
u∈H
∣∣F ′(u)∣∣ · ∥∥gσ ,μ(η(1))− gσ ,μ(η(2))∥∥ C
λN
∥∥η(1) − η(2)∥∥,
so the Lipschitz constant is less than one if we choose the cut-off N for which
λN > C . 
By Banach–Caccioppoli Theorem, there exists one and only one ﬁxed point map q(σ ,μ) such that q(σ ,μ) =
QN F (gσ ,μ(q(σ ,μ))) or in a more explicit way
q(σ ,μ) = QN F
(
g
(
σ ,μ + q(σ ,μ))). (14)
Lemma 3. The ﬁxed point map q(σ ,μ) is continuously differentiable.
Proof. The function
G(σ ,μ,η) := QN F
(
g(σ ,μ + η)) (15)
is continuously differentiable with respect to η and by Lemma 2
|DηG| C
λN
< 1 (16)
holds. Regularity of the ﬁxed point q(σ ,μ) can be obtained by implicit function theorem. Since q(σ ,μ) is solution of
G(σ ,μ,η) − η = 0, (17)
we have to detect the invertibility of DηG − I. Considering the identity
(DηG − I)
(
I+ DηG + · · · + (DηG)k
)= (DηG)k+1 − I, (18)
we observe that limk→+∞(DηG)k = O (because |DηG| < 1) and formally
(DηG − I)−1 = −
+∞∑
k=0
(DηG)
k, (19)
which converges since∣∣∣∣∣
+∞∑
k=0
(DηG)
k
∣∣∣∣∣
+∞∑
k=0
|DηG|k = 1
1− C
λN
< +∞.  (20)
By solving the following ‘ﬁnite’ equation in the unknowns t → μ j(t), j = 0,1, . . . ,N ,
μ = PN F
(
g
(
σ ,μ + q(σ ,μ))) (21)
and by adding term by term with (14), we obtain
μ + q(σ ,μ) = F (g(σ ,μ + q(σ ,μ))) (22)
which gives
∂ g
∂t
(
σ ,μ + q(σ ,μ))− Lg(σ ,μ + q(σ ,μ))= μ + q(σ ,μ) = F (g(σ ,μ + q(σ ,μ))).
Therefore
u = g(σ ,μ + q(σ ,μ)) (23)
solves the initial problem (6). We can resume the above discussion in
Theorem 1. By choosing N such that λN > |F ′| = C, in correspondence with every solutionμ of (21) a solution of the non-linear initial
problem (6) is determined by (23).
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μ − εPN F
(
g
(
σ ,μ + q(σ ,μ)))= 0. (24)
A more general form for (24) is
F(ε,μ) = 0 (25)
where
F(0,0) = 0, ∂F
∂μ
(ε,μ)
∣∣∣∣
(0,0)
= 1. (26)
As a consequence of the implicit function theorem, there exists a unique local function μ = μ˜(ε), 0 = μ˜(0), such that, for a
suitable small ε0 > 0 and for any |ε| < ε0,
F(ε, μ˜(ε))= 0 (27)
holds. This result is stated by
Theorem 2 (Existence and uniqueness). For suitable small non-linear perturbations εF (u), |ε| < ε0 , |F ′| = C < +∞, the initial
problem (6) admits one and only one solution:
u(ε) = g(σ , μ˜(ε) + q(σ , μ˜(ε))). (28)
Example. Let g be the Laplace–Beltrami operator on a compact Riemannian manifold M , e.g. Td . We consider the evolution
problem for the scalar ﬁeld u,⎧⎨
⎩
∂
∂t
u − gu = a sin(u),
u(0, x) = σ(x).
(29)
It is a simple matter to check that the non-linear operator F (u) := a sin(u) admits derivative with uniformly bounded
norm |F ′| = C = |a|. Thus, for a positive real a¯ and a ﬁxed cut-off N such that a¯
λN
< 1, we have that for every |a| < a¯ in
correspondence to every solution μ of Eq. (24) (or (25)) we construct an exact solution of (29) by (23).
The above Theorem 2 holds for |a| < a0, a0  a¯.
3. Finite reduction for Navier–Stokes
3.1. Viscous ﬂuid dynamics on torus Td
The motion of an incompressible homogeneous ﬂuid is governed by Navier–Stokes equations
∂
∂t
v + v · ∇v = − 1
ρ
∇p + νv + Φ, ∇ · v = 0, (30)
together with boundary conditions.
If the domain is a torus Td , d = 2,3, with the side of the container L = 2π , assuming∫
Td
v(t, x)dx = 0,
∫
Td
p(t, x)dx = 0,
∫
Td
Φ(x)dx = 0, (31)
the velocity ﬁeld can be represented by Fourier components:
v(t, x) =
∑
k∈Zd
γk(t)e
ik·x. (32)
Considering t-differentiable solutions t → γk(t), one obtains the inﬁnite system of o.d.e.’s
γ˙k(t) = −ν|k|2γk(t) +Nk(γ ) + φk, γk(0) = γ (0)k , (33)
γk · k = 0, (34)
γ−k = γ ∗, (35)k
218 F. Cardin, C. Tebaldi / J. Math. Anal. Appl. 345 (2008) 213–222taking into account the incompressibility of the ﬂuid and the reality of the velocity ﬁeld, respectively; Nk(γ ) is the spectral
representation of the advective term v · ∇v ,
Nk(γ ) = −i
∑
k1+k2=k
(γk1 · k2)
∏
k
γk2 ,
(∏
k
w
)
j
:= w j − w · k|k|2 k j, (36)
and
φk =
∏
k
Φ. (37)
We refer to Gallavotti [9, p. 100], for details, as well as for the expression of the pressure terms. It is also important to recall
the gyroscopic character of N ,∑
k∈Zd
Nk(γ ) · γ ∗k = 0. (38)
We say that γ (·) is a weak solution of Navier–Stokes equations if the following mild formulation of the initial problem is
satisﬁed [9, p. 161]:
γk(t) = e−ν|k|2tγ (0)k +
t∫
0
e−ν|k|2(t−s)
[Nk(γ (s))+ φk(s)]ds. (39)
We denote by H¯ s = L∞([0,+∞), Hs) the Banach space of the functions γ : [0,+∞) 
 t → (γk(t))k∈Zd ∈ Hs , equipped with
the norm
‖γ ‖2
H¯ s
:= sup
t∈[0,+∞)
∑
k∈Zd
|k|2s∣∣γk(t)∣∣2 = sup
t∈[T ,+∞)
∥∥γ (t)∥∥2Hs . (40)
More precisely, for any s ∈ [0,+∞), the above Sobolev space Hs(Td), composed by vanishing average functions γ (see (31))
with ‖γ ‖2Hs =
∑
k∈Zd |k|2s|γk|2, can be identiﬁed with the space H˙ sper(Ω) introduced by Temam of [16, p. 50], where Ω is a
d-cube and the functions considered assume equal values on opposite faces.
For the 2-dimensional torus we have (see [9, (3.2.25)]) that the above gyroscopic property (38) (in L2) also holds in H1:∑
k∈Z2
|k|2Nk(γ )γ ∗k ≡ 0. (41)
From (33) and (41), supposing convergence of the series involved (more precisely, working with |k| K , and then sending K
to ∞), we obtain
1
2
d
dt
∥∥γ (t)∥∥2H1 = ∑
k∈Z2
|k|2γ˙kγ ∗k = −ν
∑
k∈Z2
|k|4γkγ ∗k +
∑
k∈Z2
|k|2φkγ ∗k . (42)
The following existence and stability result (see [9, Chapter III, Proposition 4]) is H1 version of the classical L2 energy
estimate and it is a consequence of the above relation (42) and of an autoregularization argument (see [9, Chapter III,
Proposition 3]), essentially based on early results by Leray, Ladyzhenskaya, Foias and Prodi—see [7,13].
Theorem 3 (Existence and stability on T2). For initial datum γ (0) and forcing term φ in H1 , the weak solutions of NS stay in H1 for
any t  0:
∥∥γ (t)∥∥H1 max
{∥∥γ (0)∥∥H1 , ‖φ‖H1ν
}
. (43)
We notice that γ is a weak solution of (39) if it is a ﬁxed point of the map:
g : H¯1 → H¯1, γ → g(γ (0),N (γ ) + φ), (44)
where g is the explicit resolution formula, as in (7), (8), of the linear system related to (33):
γk(t) = gk
(
γ (0), f
) := e−ν|k|2tγ (0)k +
t∫
e−ν|k|2(t−s) fk(s)ds. (45)0
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φ ∈ H1, γ (0) ∈ BH1
(
0,
‖φ‖H1
ν
)
∩ C∞, (46)
thus, in view of Theorem 3, a real positive constant R> 0 exists trapping deﬁnitively γ (t) inside H1:
∥∥γ (t)∥∥H1 R := ‖φ‖H1ν . (47)
Note that R has the property of the boundness constant C in Foias and Prodi (see [7, (21), p. 17]) namely
C→ 0 as 1
ν
→ 0
and in our case the dependence of 1ν is linear.
3.2. Fixed point and reduction for modiﬁed Navier–Stokes on T2
The above 2-dimensional setting in H1 has been deeply investigated by Foias and Prodi [7], where the asymptotic ﬁnite-
dimensional character of the Navier–Stokes system was pointed out. Here, we take into account a suitable modiﬁcation of
NS, more on the line of the model introduced in [16] concerning Inertial Manifolds, and we obtain a ﬁnite-dimensional
reduction, for any time t ∈ [0,+∞), on the same line of Section 2.
We operate in the spaces L∞([0,+∞), H1+ε(T2)), for arbitrary small ε > 0.
We introduce an R-deformation N¯ of the gyroscopic operator N :
H¯1+ε 
 γ → N¯ (γ ) :=N (ψ(γ )γ ) ∈ L¯2, (48)
where for the sake of simplicity we denote by ψ(γ ) the term ψ(‖γ ‖H¯1+ε ) and ψ :R+ → [0,1] is the following continuous
piece-wise differentiable map:⎧⎪⎪⎨
⎪⎪⎩
ψ(r) = 1, for r R,
ψ ′(r) = − 1R , for R< r < 2R,
ψ(r) = 0, for 2R r.
Furthermore, we consider the following ε-deformed Laplacian:(
1+εγ
)
k := −|k|2(1+ε)γk (49)
obtained from substituting νv into ν1+εv , ε > 0, in the NS equations.
We notice that in [16] the same term νv has been modiﬁed into (δr + ν)v , δ > 0 and r > 1, and that the existence
of an Inertial Manifold is achieved for domains Ω ⊂ Rd when r > d.
The modiﬁed NS system therefore becomes
γ˙k(t) = −ν|k|2(1+ε)γk(t) + N¯k(γ ) + φk, γk(0) = γ (0)k . (50)
As above, γ is a weak solution of (50) if it is a ﬁxed point of the map:
g : H¯1+ε → H¯1+ε, γ → gε(γ (0), N¯ (γ ) + φ) (g0 = g) (51)
where gε is the explicit resolution formula of the linear system related to (50):
γk(t) = gεk
(
γ (0), f
) := e−ν|k|2(1+ε)tγ (0)k +
t∫
0
e−ν|k|2(1+ε)(t−s) fk(s)ds. (52)
We choose a cut-off R > 0 in Z2,
γ = μ + η, μ = PR(γ ) = {γk}|k|R , η = QR(γ ) = {γk}|k|>R (53)
and we write the following splitting of (52):{
μ = PR gε
(
γ (0), N¯ (μ + η) + φ),
η = QR gε
(
γ (0), N¯ (μ + η) + φ), (54)
with ﬁxed φ and γ (0) satisfying (46).
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g˜ :QR H¯
1+ε → QR H¯1+ε
η → g˜(η) = QR gε
(
γ (0), N¯ (μ + η) + φ), (55)
where
L¯2
QR gε−→ H¯1+ε (56)
and, as we will verify below,
H¯1+ε N¯−→ L¯2 (57)
so that∥∥g˜(η1)− g˜(η2)∥∥H¯1+ε  Lip(QR gε) Lip(N¯ )∥∥η1 − η2∥∥H¯1+ε . (58)
Finally, we will see that, for suitable R , the map g˜ is a contraction.
• As a ﬁrst step, we work out a Lipschitz estimate for N¯ . Preliminarily, we recall that for the original operator N (and
then for N¯ ), more generally for u · ∇v , the following classical estimate holds for bounded domains Ω—see e.g. [10, p. 81]
‖u · ∇v‖L2(Ω)  ‖u‖L∞(Ω)‖v‖H1(Ω). (59)
For T2 a Sobolev-immersion-like result is easily obtained (see e.g. [6, p. 292], for a general version in Rn):
‖u‖2L∞(T2) =
∥∥∥∥ ∑
k∈Z2\0
γke
ik·x
∥∥∥∥
2
L∞(T2)

( ∑
k∈Z2\0
1
|k|1+ε |k|
1+ε|γk|
)2

∑
h∈Z2\0
1
|h|2+2ε
∑
k∈Z2\0
|k|2+2ε|γk|2,
‖γ ‖L∞(T2)  c‖γ ‖H1+ε(T2) (c =
√
π/ε ). (60)
Thus∥∥N (u)∥∥L2(T2)  c‖u‖2H1+ε(T2). (61)
Deﬁning ψα := ψ(‖γα‖H¯1+ε ), α = 1,2, and recalling v(t, x) =
∑
k∈Zd γk(t)eik·x , we write∥∥N¯ (γ1) − N¯ (γ2)∥∥L¯2 = ‖ψ1v1 · ψ1∇v1 − ψ2v2 · ψ2∇v2‖L¯2
= ‖ψ1v1 · ψ1∇v1 − ψ2v2 · ψ2∇v2 + ψ1v1 · ψ2∇v2 − ψ1v1 · ψ2∇v2‖L¯2
= ∥∥ψ1v1 · (ψ1∇v1 − ψ2∇v2) + (ψ1v1 − ψ2v2) · ψ2∇v2∥∥L¯2
= ∥∥ψ1v1 · ∇(ψ1v1 − ψ2v2) + (ψ1v1 − ψ2v2) · ∇(ψ2v2)∥∥L¯2 .
By the above general estimate (59),∥∥N¯ (γ1) − N¯ (γ2)∥∥L¯2  ‖ψ1v1‖L¯∞‖ψ1v1 − ψ2v2‖H¯1 + ‖ψ1v1 − ψ2v2‖L¯∞‖ψ2v2‖H¯1 .
After a rather long, but straightforward computation, we can notice that
‖ψ1v1 − ψ2v2‖ 2‖v1 − v2‖,
furthermore, by the inequality (60) and observing that from the deﬁnition of ψ we have ‖ψαvα‖H¯1+ε  2R, α = 1,2, ﬁnally
we obtain:∥∥N¯ (γ1) − N¯ (γ2)∥∥L¯2  8cR‖v1 − v2‖H¯1+ε . (62)
• Secondly, we ﬁnd a Lipschitz estimate for QR gε:
∥∥QR gε(η1)−QR gε(η2)∥∥2H¯1+ε = sup
t∈[0,+∞)
∥∥∥∥∥
∑
|k|>R
eik·x
t∫
0
e−ν|k|2(1+ε)(t−s)
(
η1k (s) − η2k (s)
)
ds
∥∥∥∥∥
2
H1+ε
= sup
t∈[0,+∞)
∑
|k|>R
|k|2(1+ε)
∣∣∣∣∣
t∫
0
e−ν|k|2(1+ε)(t−s)
(
η1k (s) − η2k (s)
)
ds
∣∣∣∣∣
2
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 sup
t∈[0,+∞)
∑
|k|>R
|k|2(1+ε)
t∫
0
e−ν|k|2(1+ε)(t−s) ds
t∫
0
e−ν|k|2(1+ε)(t−s)
∣∣(η1k (s) − η2k (s))∣∣2 ds
 sup
t∈[0,+∞)
∑
|k|>R
1
ν
t∫
0
e−ν|k|2(1+ε)(t−s)
∣∣(η1k (s) − η2k (s))∣∣2 ds
 sup
t∈[0,+∞)
1
ν
t∫
0
e−νR2(1+ε)(t−s)
∑
|k|>R
∣∣(η1k (s) − η2k (s))∣∣2 ds
 sup
t∈[0,+∞)
1
ν
t∫
0
e−νR2(1+ε)(t−s) ds · sup
s∈(0,t)
∥∥(η1(s) − η2(s))∥∥2L2
 1
ν2R2(1+ε)
∥∥η1 − η2∥∥2L¯2 .
Finally, (58) can be written as
∥∥g˜(η1)− g˜(η2)∥∥H¯1+ε  8cRνR1+ε
∥∥η1 − η2∥∥H¯1+ε (63)
and taking R such that Lip(g˜) = 8cR
νR1+ε < 1, that is
R >
(
8R
ν
√
π
ε
) 1
1+ε
, (64)
the map (55) acquires the contraction property. In view of the Banach–Caccioppoli Theorem, a unique ﬁxed point map
q = q(γ (0),μ) exists, for which
q
(
γ (0),μ
)= QR gε(γ (0), N¯ (μ + q(γ (0),μ))+ φ). (65)
In correspondence with every solution μ = (μk(t))|k|<R of the ﬁnite equation
μ = PR gε
(
γ (0), N¯ (μ + q(γ (0),μ))+ φ) (66)
we see that, adding term by term (65) and (66), the spectral velocity
γ = gε(γ (0), N¯ (μ + q(γ (0),μ))+ φ) (67)
solves exactly the deformed inﬁnite NS system:
γ˙k(t) = −ν|k|2(1+ε)γk(t) + N¯k(γ ) + φk, γk(0) = γ (0)k (68)
in the weak sense (39).
We resume below our results.
(i) For any ﬁxed pair (ε,R) the modiﬁed Navier–Stokes system (50) is globally ﬁnitely reduced and an explicit solution can
be achieved once the ﬁnite equation (66) for the unknowns t → μk(t), |k| R is solved. We notice that the constant R
in the cut-off of N , plays the same role then in the stability theorem for the true NS system.
(ii) We remark that such a ﬁnite reduction is obtained not only asymptotically in time, as usually in the literature, but for
any t ∈ [0,+∞).
(iii) Moreover, the techniques used here (ﬁxed point theorem in Banach spaces, a direct estimate of N ) satisfy a requirement
of simplicity. This is the reason why our results have to be based on the above ε-modiﬁcation of the true NS system,
which cannot be recovered taking ε → 0, see (61) and (64).
(iv) We ultimately ﬁnd that the dimension (≈ π R2) of the ﬁnite space governing for any time t  0 the modiﬁed NS system
goes as
R2 ≈
(
1
ν
) 2
1+ε
R 21+ε (69)
which is in the line of the estimate by Foias and Prodi [7] for the number of the asymptotic determining modes for the
true 2-dimensional NS system. We recall that there exists a better estimate by Ruelle [14] giving 1/ν
3
2 .
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